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Abstract 

The area of the Schwarzschild event horizon is well-defined and unique. However, the spatial 
volume contained within the event horizon depends on the time slicing used to define the spacelike 
hypersurface. Various time slicings were used to compute results for the volume of a Schwarzschild 



black hole by DiNunno and Matzner in arXiv:0801.1734 The present work considers further 



volume calculations of this geometry in Painleve-Gullstrand coordinates and in the related Lake- 
Martel-Poisson and Gautreau- Hoffman families. Also introduced are other time slicings that, to 
our knowledge, have not been discussed elsewhere. 
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1. INTRODUCTION 



The event horizon of a black hole is a null hypersurface that separates events that 
are causally connected to future null infinity from those that are not. The area of the 
Schwarzschild black hole, defined as the area of its event horizon, is unambiguous. However, 
the same cannot be said of the "volume of the black hole," which in and of itself is not a 
precisely defined concept. The volume contained within the event horizon depends on the 
time slicing used to compute it, and there are infinitely many possible values for the volume 
contained in a black hole, each corresponding to a different hypersurface of simultaneity. 

While it is the case that the volume inside a black hole is not a quantity that is believed 
capable of being directly measured by those outside it, the same is true for, say, the amount 
of proper time a probe can exist inside a black hole before it is torn apart by tidal forces. 
It is argued here that calculations of volume, examined from a pedagogical perspective, 
prove useful for conceptualizing black hole physics, and for recognizing the attributes of 
various coordinate systems. It was in this spirit that computations of the volume of the 
Schwarzschild black hole, utilizing several different coordinate systems including Kerr-Schild, 
Novikov, and Kruskal-Szekeres, were performed and explicated by DiNunno and Matzner 
in PQ. The present work extends these calculations to other systems that include Painleve- 
Gullstrand (PG) coordinates and the affiliated Lake-Martel-Poisson (LMP) and Gautreau- 
Hoffman (GH) families. 

Conveniently, the coordinate systems discussed herein (except Lemaitre coordinates) 
make use of the familiar spatial coordinates (r,9,(p), with r representing the conventional 
areal coordinate such that Area(r) = Airr 2 ; hence, these systems differ only in the respective 
time coordinates. Thus certain quantities, such as spatial trajectories as a function of proper 
time, will have the same form in these coordinate systems as in the static Schwarzschild co- 
ordinates. In particular, the motion of an object dropped from rest at a great distance from 
the black hole (that falls freely) satisfies 



where m is the mass of the black hole, and units such that G = c = 1 have been adopted. 

In this presentation, "volume" will refer to a spatial three-volume, meaning the proper 
volume of a region of a spacelike hypersurface. The hypersurfaces considered here will 




(1.1) 
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be hyperplanes of simultaneity with respect to a given timelike coordinate. Once that 
hyperplane is determined, the volume is evaluated using the three-metric that involves 
the remaining coordinates: 

Vol = J ^gd z x. (1.2) 

A variety of answers are obtained for the volume of the Schwarzschild black hole; the hope is 
that these explorations give a sense of the richness that can be found even in this one partic- 
ular aspect of black hole physics. An assortment of coordinate systems is utilized, including 
certain time coordinates that, to our knowledge, have not been presented elsewhere. 



2. VOLUME COMPUTATION IN PAINLEVE-GULLSTRAND COORDINATES 



2.1. The Painleve-Gullstrand Coordinate System 



The familiar form of the Schwarzschild geometry is with respect to coordinates (t s , r, 9 
in which the geometry external to the horizon is manifestly static: 

dr 2 



ds z = - 1 



2m\ 
r J 



)dtt + 



1 — 2m/r 

The Schwarzschild geometry expressed in Painleve-Gullstrand [21 [3] coordinates (tpc, r, 8, 
is no longer diagonal and is given by 

2m\ _ 1 2m 



(2.1) 



ds 1 



- 1 



r ) dt 2 PG + 2 



-dt PG dr + dr z + r z dQ' 



2.2) 



where 



dtpc 
tpc 



dt. + 



\j2m/n 



-dr and 



1 — 2m I r 
t s + 2\/2my/r — 2m In 



\Jr~j2m + 1 



■sjr /2m — 1 



+ C. 



(2.3) 
(2.4) 



Here C refers to an arbitrary constant of integration. The choice of C = implies that 
tpG — ts at t = 0, and such a choice will be adopted in this section and throughout the 
paper. Consider an observer dropped with no initial kinetic energy from a location extremely 
far from the black hole; such an observer is said to be in the "rain frame" in the nomenclature 



of jl]. The observer's velocity is radial and given by (1.1); she also has a conserved energy 
per unit rest mass E given by E = 1. An interesting property of PG time is that intervals 



FIG. 1: Left: Curves of constant t s (in black) and constant r (in red), for a black hole of unit 
mass. The line T = X corresponds to (r = 2m, t s = +00) and the line T = —X corresponds to 
(r = 2m, t s = —00). The uppermost hyperbolic curve represents the black hole/future singularity 
at r = and the bottom hyperbolic curve is the white hole/past singularity, also at r = 0. Right: 
Curves of constant tpc (in green) superposed onto curves of constant t s for a black hole of unit 
mass. The values shown are tpc = {—4,-2,0,2,4} and they intersect the corresponding curves 
t s = {-4, -2, 0, 2, 4} at the (future) curve r = 0. 

At of proper time along an infalling E — 1 geodesic correspond precisely to intervals of tpa 
such that At = Atpc- 

The spatial PG three-metric is flat, i.e. 

^ds 2 PG = dr 2 + r 2 dn 2 . (2.5) 



Equation (2.5) shows that at fixed values of (tpa, 0, 0), the proper distance between an event 
at radius r and the spacelike singularity at r = is 

rrfinui r r 

/ \fgrrdr = dr' — r, (2.6) 

J r initial J 

as was pointed out in [5]. Thus it is seen that in PG coordinates, r obtains an interpretation 
as the distance from r = that it does not have in static coordinates. 

It is useful to visualize the behavior of time coordinates by means of a Kruskal diagram. 
In such a diagram, null trajectories have slopes of ±45°, and the horizontal and vertical 



axes refer to the Kruskal-Szekeres coordinates X and T respectively, which are listed in the 
Appendix. Curves of constant t s are displayed (in units such that m = 1) in the left-hand 
diagram of Figure [T] and can be contrasted with curves of constant tpQ in the right-hand 
diagram. Slices of constant PG time are also given in the left-hand plot of Figure |2j Curves 
of constant t s are spacelike for r > 2m, but timelike for r < 2m. They do not penetrate 
the horizon, only approaching it asymptotically. In stark contrast with t s , the slices of 
constant tpQ extend from spatial infinity through the (future) event horizon, all the way to 
the (future) singularity at r = 0. These slices are everywhere spacelike, indicating that t PG 
is always timelike, while the radial coordinate r is a spacelike coordinate for r > 2m but a 
timelike coordinate for r < 2m. 1 



We can rewrite (2.4) as 

t s — tpG — 2v / 2mv / r + 2m In 



y/r/2m + 1 



(2.7) 



yV/2m — 1 

A curve of constant tpc intersects curves of divergently negative t s as r — > oo (as seen by 



setting tpc equal to a constant in equation (2.7)); naturally it also crosses t s = +oo in the 
process of penetrating the horizon. Conversely, outside the horizon, a curve of constant 
t s intersects curves of larger and larger tpo as r — >■ oo. Such behavior is evident in the 
right-hand diagram of Figure [TJ 



2.2. Volume Computations 

In the static coordinates (t s , r, 8, <ft), when r > 2m we saw above that t s is timelike and r 
is spacelike; however, for r < 2m the roles are reversed. Thus in considering the black hole 
volume from the perspective of a fixed observer very far from the black hole, it is natural to 
examine slices of constant t s , for which 

(3) ^-o^ = IZ ^ + ^ 2 - (2-8) 
The volume within the black hole as determined by such a slicing would be 

//■27T PIT prouter 
^/W g d z x= / / / V% dr d6 64, (2.9) 
JO JO Jr inner 

1 For r < 2m there are two timelike coordinates (tpc and r), a situation that is not uncommon when the 
metric is not diagonal. The signature of the spacetime is still (-+++) everywhere. 
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where 



- 5 / 2 sm9 



9= 1 r= - (2-10) 

V?" — 2m 

Here, rj nner and r oltter are the lowest and highest values of r that are shared by the black hole 
region and the slice of constant time. The outermost edge of the black hole is at r = 2m, 
and therefore 2m is the upper limit to the integral over r. However, as can be seen from 
Figure [TJ the slices of constant t s do not extend inside r = 2m; so r = 2m is also the lower 
limit to that integral. This leads to a vanishing volume: 

r 2w r r wt - r 5 / 2 sm# 

'0 J0 Jr ln 



Vol 



Schw— outer 



dr d6 1 



47T 



2m r 5/2 



dr = 0; 



(2.11) 



y/r — 2m J 2m \Jr — 2m 

that this integral does indeed vanish notwithstanding the singular integrand was confirmed 
in pp. However, one might have a curiosity about the black hole volume with respect to 
these same coordinates from the perspective of someone inside the horizon, 2 as mentioned 
in, e.g. [6]. For this observer, t s is spacelike, r is now timelike, and the "forward" direction of 
time corresponds to decreasing r. The r-dependence of the metric implies a time-dependent 



geometry, and the form of the three- metric (2.12) below shows that the three-space is con- 
tracting in the (9, <fi) directions but expanding in the t s direction. 





FIG. 2: Left: Curves of constant tpc- Right: Curves of constant tpQ. The scale is such that the 
black hole has unit mass. 



2 We assume that the black hole is very massive and that this particular observer will not encounter the 
singularity until very far in his or her future! 
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Assuming that the static coordinates (t s ,r,9,(fi) are still employed, the spatial volume is 
computed along slices of constant r, so that 

{3) ds 2 Schw . inner = " l) dt l + r2 d&, (2.12) 

y/Wg = r 3/ V2m - rsinfl. (2.13) 

From this is obtained 

Volschw-inner = / / / y/^g dt s dO d<p = J J J r 3/ V2m - r sin 6 dt s d6 d<p . 

JO JO J tmin JO JO J t m i n 

(2.14) 

As can be inferred from the right-hand plot of Figure [TJ a slice of constant r within the 
black hole extends over all values of £ s so that £„,,„ = — oo and t mnr = oo. Thus the volume 



is 

Vo\schw— inner 



/oo 
m — r dt s . (2-15) 
-oo 



In marked distinction from Volschw-outer, this Vol Schw -inner is infinite during the time when 
r > 0, before vanishing suddenly at the instant r = 0. 

Having given this flavor for the behavior of the black hole volume with respect to static 



coordinates, we next consider the volume in PG coordinates. Equation (2.5) implies that 
y/^g = 1, and the volume of a Schwarzschild black hole for the PG time slicing is simply 

Vol PG = / / / yf^g dr d9 dcf) = 4tt / r 2 dr = — (2m) 3 = m 3 , (2.16) 

JO JO J Tinner ^0 

which happens to coincide with the familiar volume for a sphere of radius 2m in Euclidean 
three-space. 

Now, inside the black hole the coordinate r is also timelike, just as it is in static coordi- 
nates. If we investigate an r-slicing as was done above, it is again seen that 

(3) ds 2 PG . inner = - lj dt 2 PG + rW, (2.17) 

y/@)g = r 3/ 2 y/2m - r sin 9. (2.18) 

Similarly to the above, a slice of constant r within the black hole extends from t PG = — oo 
to tpc = oo, which yields 

i-2-k pit rt max poo 

Vol PG _ inner = / / / y/Vh,dt PG ded<P = ATt r^ 2 V2m-rdt PG . (2.19) 

JO JO J tmin J — OO 
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Thus in PG coordinates also, the volume of a slice of constant r (necessarily confined to 
the regionr < 2m) is infinite while r > and vanishes at r = 0. Being that the other 
coordinate systems considered herein are related to PG time, it is unsurprising that very 
similar calculations confirm the same result for constant-r volumes in these cases as well. 
Therefore, we consider henceforth only time slices that extend outside the horizon. 

There is also a version of PG coordinates (tpc, r, 8, 0) adapted to outgoing observers; the 
coordinate tpc is such that Atpc corresponds to proper time intervals At along an outgoing 
E = 1 geodesic. In these coordinates the Schwarzschild geometry is represented as follows: 



ds 2 



1 I dtp G - 2\l —dt PG dr + dr 2 + r 2 dQ 2 



r J 



2m ,~ 
r 



(2.20) 



As discussed in [7], the slices of constant tpc extend from the past singularity through the 
past event horizon to spatial infinity. As they do not enter the future event horizon, in the 
present work they are not regarded as acceptable for calculations involving the black hole, 
although they would be suitable for speculative calculations about the nature of a "white 
hole" in the distant past. To illustrate the contrast with tpa, lines of constant tpc are given 
in the right-hand plot of Figure [2] 

2.3. A Set of Coordinates Inspired by the PG System 



The time coordinate tpc given in (2.4) suggests another coordinate T that turns out to 
be of interest: 



dJ = dt s -(l- Am/r)^^-dr, 

1 — 2m/r 

T = t 3 - 2v / 2m v / ^ - 2m In 



r/2m + 1 



y/r/2m — 1 

Using this coordinate, the Schwarzschild geometry takes the form given by 



(2.21) 
(2.22) 



ds 2 = -(1 - 2m/r) dJ 2 - 2(1 - 4m/r)y/2m/r dT dr + (1 + lQm 2 /r 2 )dr 2 + r 2 dtf 



^ds 2 = (l + l6m 2 /r 2 )dr 2 + r 2 dtt 2 . 



(2.23) 
(2.24) 



At r = 4m, dJ = dt s and the metric components of (2.23) and (2.1) take identical values 



at that location. The volume of the Schwarzschild black hole with respect to this slicing is 
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-2-10 1 2 

X 

FIG. 3: Curves of constant T. The scale is such that the black hole has unit mass, 
noticeably larger than that of PG slicing: 

p2tt pit /•2m /•2m QO-tt 

Vol T = / / / \/®g dr d0 d(f) = Air rVr 2 + 16m 2 dr = (5^ - 8)m 3 

Jo Jo Jo Jo 3 

327T o . 

« — (3.18)m 3 . (2.25) 
Curves of constant T foliate the spacetime in a manner displayed in Figure [3j 

3. VOLUME COMPUTATION IN LAKE-MARTEL-POISSON AND GAUTREAU- 
HOFFMAN COORDINATES 

3.1. Lake-Martel-Poisson Coordinates 

In [7] Martel and Poisson analyzed a generalization of the PG coordinate system that 
had been previously been discovered by Lake [HJ. They considered observers hurled inward 
from infinity (i.e in what is referred to as a "hail frame" in jl]) with a velocity u^; such an 
observer has energy per unit rest mass E = 1/ a/ 1 — u^. Next the parameter p = is 
introduced; for these observers < p < 1. The Lake-Martel-Poisson (LMP) time is related 
to the proper time of an observer with a given value of p, via At^MP = y/p Ar^. PG 
coordinates are obtained in the limit p — > 1 and ingoing Eddington-Finkelstein coordinates 
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are obtained in the limit p — > 0. The LMP time coordinate satisfies 



a/1 — p(l — 2m/r) 

at LM p = dt s H — dr, 

1 — zm/r 

v/l — p(l — 2m/r) 



(3.1) 



tLMP — t s + 2m 



2m /r 



+ In 



\/l — p(l — 2m/r) 



1-P/2 



In 



1 + a/1 -p(l - 2m/r) 
a/1 — p(l — 2m/r) — a/1 — p 



(3.2) 



^ - p(l - 2m/r) + a/1 -p 
The Schwarzschild geometry in the LMP coordinates, and associated three-metric, are given 
by 



ds 2 
^ds 2 



-(1 - 2m/r)dt 2 LMP + 2a/1 - p(l - 2m/r) dt LMP dr + p dr 2 + r 2 dVt 2 (3.3) 



pdr z + r 2 dVt 2 . 



(3.4) 



If p 7^ 1, use of tLMP specifies a different surface of simultaneity from that of tpc, and the 
result for the volume inside a Schwarzschild black hole is thus 

" 2m 32tt^/p 

yjji lli — 

'0 



Vol 



LMP 



yf d 3 x = An y/pr 2 dr 



-m 



(3.5) 



This volume becomes arbitrarily small as p — > 0, i.e. as — > 1. 
3.2. Gautreau-HofFman Coordinates 

Coordinates inspired by the perspective of observers dropped from rest a finite distance 
from the black hole were introduced in [5]. Such an observer defines what is referred to as 
a "drip" frame in [1] . Freely falling observers dropped from rest at r = Ri have a conserved 
energy per unit rest mass E = a/1 — 2m/ Ri, and their proper time can be given in terms 
of r (see e.g. Chapter 15 of [9]): 



T 



(Ri) 



R 



3/2 



(2m)V2 



arccos 




+ 



r 

Ri 



(3.6) 



The family of time coordinates tGH^ R ^ introduced by Gautreau and Hoffman is just this 
set of proper time functions, parameterized by Ri. These coordinates are only defined for 
r < Ri, and furthermore it is assumed that Ri > 2m. 



3 The first term in parentheses of (3.2) corrects a slight error in the corresponding equation of [7] in which 
the square root was omitted. 
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Although (Ugh^ — dr^ Rl \ (3.6) does not by itself lead to the transformation from 
static coordinates because it does not involve t s . Once expressions for dt s /dr, obtained 
as consequences of the geodesic equation, are employed, the desired relation (dropping the 
superscript) emerges: 



dt 



GH 



J I - 2m/ Ri dt a + V 2m / r 2m J^± dr and 

1 — 2m/r 



(3.7) 



t GH = y/l-2m/Ri t s + 



2m 



R 



\l2m{Ri - 2m) In 



r(Ri — r) + (Ri — Am) arctan 
y /r(R l - 2m) + ^/2m(R l - r 



Ri - r 



^r(Ri - 2m) - ^2m(R { 
The corresponding metrics have the form 

1 / , n2 



ds 1 



-dt 2 GH + 



1 - 2m/ 'Ri 



(dr + \/2m/r - 2m/ Ri dt GH \ + r 2 dtt 2 



- 1 



^ds 2 



2m/r — 2m/Ri\ 
1 - 2m/ Ri J 

-dr 2 + r 2 dQ 2 . 



fit 2 4- 



2m 2m 

r Ri 



2m /Ri 



-dtcH dr + 



dr 2 



2m/R l 



(3.8) 

(3.9) 

+ r W, 

(3.10) 



1 - 2m/ Ri 

The coordinate tcH corresponds to the proper time of freely falling observers dropped from 
Ri, and surfaces of constant t G H cannot be extended outward past r = Ri. We can again 
utilize the quantity p = l/E 2 ; for these observers p = 1 _ 2m /R. an d the range for Ri, oo > 
Ri > 2m, corresponds to 1 < p < oo. As discussed below, it is possible to formulate 
expressions for the GH coordinates in terms of p rather than Ri, but the advantage of using 
Ri is that the allowed range of the r coordinate is clear. 

The spatial volume of the black hole for a slice of constant t G n has the same form as that 



in (3.5): 



Vol 



GH 



t>2m -i 

Jo a/T^ 



r dr 



32tt 



-m 



2m /Ri 3^/1 - 2m /Ri 

This volume becomes arbitrarily large as p approaches oo, i.e. as Ri — > 2m. 



32iTy/p „ 
—m. 



(3.11) 



3.3. A Modified GH Time Analogous to the LMP Temporal Coordinate 



Curves of constant GH time do not enjoy the appealing features shown for curves of 
constant LMP time in Figure |4| Curves with different values of Ri do not coincide at r = 

11 



FIG. 4: Left: Curves of constant LMP time. From lower to upper, the four bundles correspond to 
thMP = { — 2,0,2,4}. Within each bundle, from the bottom, the values of p are {1/4,1/2,3/4,1}, 
where the p = 1 case is PG time, shown in green. Right: Curves of constant t. The lower bundle 
correspond to t = —1.4, the upper bundle to t = 1.7. Within each bundle, from the bottom, the 
values of Ri are {oo, 9m, 7m, 5m, 3m}, where the Ri — > oo case is PG time, shown in green. The 
fact that these curves cannot be extended past r = Ri is illustrated by the termination of the 
Ri = 3m curve in the lower bundle. The scale is such that the black hole has unit mass. 

and intersect each other; it is not easily seen that the corresponding coordinates form a 
one-parameter "family" that contains PG time as the Ri — > oo limit. This difficulty can be 



traced back to (3.7), and the fact that (Otai / dt s ) r =^ 1. A related family of coordinates 
(i( Ri \r,9,(j)) that does have the desired properties can be obtained, however, with a slight 
modification of GH time: 



dt GH . 1 V r Ri 



2m 2m 



dtM = ^dt GH = GH = dt s + =*—-^ dr, (3.12) 

y/1 - 2m /Ri v / l-2m/R i 1 - 2m/r 



The metrics associated with are (dropping the superscript): 



12 



FIG. 5: Curves of constant £lmp along with curves of constant t and constant tpQ. From lower to 
upper, the three bundles correspond to t = {0, 2, 4}. The bottom portion of each bundle consists of 
curves of constant tLMP- The green curve in the midst of the bundles is PG time, i.e. p = 1. The 
top portion of each bundle consists of curves of constant t, which can be assigned a value of p via 
Ri — > 2mp/(p — 1). Within each bundle, from the bottom, the values of p are {|, g, f , 1, f , |, §}• 
The scale is such that the black hole has unit mass. 

ds 2 = -(1 - 2m/r)dt 2 + 2 ^ 2 m,r - 2m, R * didr + <f - + rW, 
1 ' ' y/1 - 2m /R t l-2m/Ri 

(3.14) 

^ds 2 = dr ^— + r 2 dn 2 . (3.15) 

l-2m/Ri v ; 

Evaluation of the black hole volume along slices of constant t give a result identical to that 



in (3.11): 



f 2m 1 9 , 32tt , 327TVP , 

Vol t = 4tt / ; r 2 dr = m 3 = ^-m 3 . 3.16 

Jo y/l - 2m/ % 3y/l- 2m/ Ri 3 

Curves of constant t are shown by themselves on the right-hand side of Figure [4] and alongside 
curves of constant £la/p m Figure |5j 

It turns out to be mostly straightforward to express the relations above in terms of p 
as opposed to Ri. When this is done, much similarity to expressions for t LMP becomes 
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apparent. In fact, the substitutions 



Ri -)■ 2mp/(p - 1) 
di -)■ dt LMP 



(3.17) 
(3.18) 



in (3.12), (3.14) and (3.15) respectively yield (3.1), (3.3) and (3.4), with the caveat that 



when p > 1 the coordinate system cannot be extended past r = 2mp/(p — 1). Hence, 
this coordinate t can be viewed as the p > 1 counterpart to LMP time tiMP- (The main 



noticeable distinction is that the expression (3.13 ) for t is only compatible with having p > 1, 



while (3.2) for t^Mp is valid only for p < 1.) 



For completeness, one could devise a GH-like counterpart to the LMP coordinate system. 
The distinguishing feature of the GH coordinates is that AtoH = At^ r ^ for an observer 
dropped from r = Ri, for whom p > 1. The desired analog "T" of LMP time would 
have AT^ = Ar^ for an observer moving along an inward geodesic with p < 1. Such a 
coordinate T is found to satisfy 

1 a/1 — p(l — 2m/r 



T 

The resulting four-metric is 



dt 



LMP 



Vp Vp Vp 1 



2m /r 



-dr, 



(3.19) 
(3.20) 



ds a = -p(l - 2m/r)dT' z + 2^p~V 1 -p(l-2m/r) dT dr + p dr 2 + r 2 d£l 2 



The volume computation reproduces that for the LMP coordinates: 



(3.21) 



( 3 W 

VoIt = 47r / y/pr 2 dr 
Jo 



is- = pdr + r dfl" 

c2m 



32vr^p 3 
— m . 



(3.22) 
(3.23) 



The substitutions 



Ri — > 2m p/ (p — 1 
dtcH -> c?T = — (it 



LMP 



(3.24) 
(3.25) 



take (Q, (Q and pTTo] ) to (Q, Q and Q respectively. 
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4. A ONE-PARAMETER FAMILY OF COORDINATES RELATED TO T 



The various coordinate times examined in Section [3] can be viewed formally as a family 
parameterized by p, with LMP, GH, and PG times corresponding to p < 1, p > 1 and 
p — 1 respectively. A natural question that follows from the discussion in Section [2] of the 
coordinate T is whether or not it too can be generalized with an analogous family coordinates. 
This can be answered in the affirmative, and we begin with Tlmp, the analog of LMP time: 



j-n- n a / ^V 1 -p(l-2m/r) 
da lmp = dt s — (1 — Am/r) — : — ; ar, 



Tlmp = t s + 2m 



1 — 2m /r 
a/1 — p(l — 2m/r) 



2m/r 



In 



1 — a/1 — p(l — 2m/i 



1 + a/1 - p(l - 2m/r) 



1 - 3p/2 
VT^p- 



ln 



y/l-p(l - 2m/r) - y/T 



V 



v/l~— p(l — 2m/r) + y/1 — p 



This leads to the metric 



The analog Jgh of the GH-like coordinate t proceeds similarly: 

1 — Am/r ^J2m/r — 2m/ Ri 



dJcH = dt 



dr. 



2m 



l-2m/Ri 1 - 2m I r 

y/r(Ri — r) + (Ri + Am) arctan 
(Ri - 2m) + y/2m(Ri - 



Ri - 2m 
+ y / 2m(R i - 2m) In 



Ri-r 



-(Ri - 2m) - ^/2m(Ri 
The Schwarzschild geometry in this coordinate system is: 



ds 2 



[l-2m/r)dJ 2 GH - 2(1 - 4m/r) \/2m/r 



Ri-r 
Ri - 2m 



dJcH dr 



r 2 Ri + 16(Ri - r)m' 



dr z + r 2 dVL 2 



(4.1) 



(4.2) 



ds 2 = -(l-2m/r)dJ 2 LMP - 2(1 - Am/r)y/l - p(l - 2m/ r) dl LMP dr (4.3) 
+ (p(l - Am/r) 2 + Sm/r) dr 2 + r 2 dVt 2 . 



(4.4) 



(4.5) 



(4.6) 



r 2 (Ri - 2m) 

The black hole volumes for these coordinates can be found, but the expressions are unwieldy 
and not particularly illuminating. In the appropriate limits (p — > l,Ri — > oo) they reduce 



to (2.25). Curves of constant Tlmp, Tq H , and T are plotted in Figure 6 
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FIG. 6: Curves of constant Jlmp along with curves of constant Jqh and constant T. The times 
in the upper bundle all have the value -5.6 and those in the lower bundle all have the value -11. 
The lower portion of each bundle consists of curves of constant Jlmp- The blue curve in the midst 
of the bundles represents T, i.e. p = 1. The upper portion of each bundle consists of curves of 
constant Tqjj, which can formally be assigned a value of p via Ri — > 2mp/(p — 1). Within each 
bundle, from the bottom, the values of p are {|, |, 1, 1, |}. The scale is such that the black hole 
has unit mass. 

5. A TIME-DEPENDENT CASE: LEMAITRE COORDINATES 

We conclude with an illustration of a volume computation with explicit time dependence. 
This scheme begins by considering infalling particles dropped from an effectively infinite 
distance, so that they have E = 1. The motion of an infalling E = 1 particle can be 



determined by solving (1.1), with the result being that the trajectory r[r] takes the form 

\ 2/3 

2 V*n(T -T)) (5.1) 

Physical quantities associated with these geodesies are used as coordinates in the Lemaitre 
system [TO], beginning with the proper time r. However, we have already seen in Section [2] 
that the proper time of an infalling E = 1 observer is none other than PG time. Therefore 
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we will take the liberty of referring to r as tpc so that (5.1) becomes 

'3 



r[t 



PG\ 



'2m (r - tp G ) 



2/3 



(5.2) 



The quantity r , the value of proper time at which a given particle reaches r = 0, can be 
used to label the geodesic for that particle. This To is then promoted to a coordinate "p" so 
that 



r 2m{p - tp G ] 



2/3 



dr = — ^2m/r{dt PG — dp). 



(5.3) 
(5.4) 



Radially infalling E = 1 geodesies have constant values of p, and thus p plays the role of a 
comoving radial coordinate (that can take negative values). The Lemaitre coordinates are 
(tpa, p, 0, 0), and curves of constant p (which delineate the infalling geodesies) are presented 
in Figure [7} When (5.4) is substituted into the PG metric (2.2), the result is [9] 

2m 



ds 2 = —dt 2 p G + 



r[tpG,p] 



dp 2 + r 2 [t PG , p]dn 2 



^ds 2 



2m 



r[tp G ,p] 



dp 2 + r 2 {tp G ,p}dtt 2 



(5.5) 
(5.6) 



where r[tpG,p] is given explicitly by (5.3). Since t s is always timelike, p is always spacelike, 
and there is no coordinate singularity at the horizon, the Lemaitre system provides a diagonal 
representation of the Schwarzschild geometry that is well-behaved everywhere outside the 
physical singularity at r = 0. However, this has come at the expense of giving the metric 
explicit time dependence. In the following the range of tpc and p will be taken as (— oo, oo), 
indicating that the first geodesies reached r = at very large negative values of tpc- 

Now, the volume within the black hole with respect to this slicing is the region along 
slices of constant tpc between r[tp G , p] = and r[t PG , p] = 2m. Furthermore, it is seen that 



(3), 



g = V2mr 3 ^ 2 [tpG, p] sin6> = 3m(p — tpc) sin6. 



(5.7) 



Hence we obtain 



Vol 



Lemaitre 



2n pit rr[tpQ,p]=2m 



^)gdpd6d(p = 4vr 



Jr[t PG ,p]=0 



3m(p — tpc) dp. (5.8) 



r[tp G ,p]=0 



It is pleasantly straightforward to see from (5.3) that r[tpG,p] = corresponds to p = 
tpc and r[tp G ,p] = 2m corresponds to p = t PG + 4m/3; the latter relation is illustrated 
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FIG. 7: Left: Curves of constant p. Right: Curves of constant p shown together with curves of con- 
stant tpc- The curves of PG time, shown in green, correspond to tpc = {—5, —2, 0, 1, 2, 3, 4, 4.5}. 
Each of these curves has a corresponding curve of constant p that intersects it at r = 2m; such a 
curve satisfies p = tpo + 4m/3. The scale is such that the black hole has unit mass. 



graphically in the right-hand plot of Figure [7j Consequently, 

rtpG+4:m/3 

Vo\ Lemaitre = Uirm / (p- t PG ) dp = 6vrm(p 2 - 2pt PG ] 

J ten 



p=t PG +4m/3 n„ 

= ^l m 3 . (5.9) 



P=tpG 



The time dependence has been completely eliminated, leaving precisely the volume ob- 



tained in (2.16). Even though this result merely confirms what one would expect, it is still 
satisfying to see it arise from a computation with both a time-dependent integrand and 
time- dependent limits of the integral. 



6. CONCLUSION 



The calculations given here have continued the process of demonstrating the multifaceted 
nature of the volume of a Schwarzschild black hole. Calculations of volume in other black 
hole geometries also hold promise. One particular avenue of further exploration involves the 
volumes of black holes that are formed from collapsing matter. In these cases the geometry 
is explicitly time-dependent, and care must be taken to differentiate the apparent horizon 
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from the actual event horizon, thus introducing even more subtlety into the notion of "the 
volume of a black hole." Determination of the variation of black hole volume with respect to 
a novel or unconventional time coordinate, especially in the (rare) cases in which it can be 
done analytically, will yield further useful insight into the dynamics of a collapsing system. 

Meanwhile, the present exposition has focused on time slicings that extend from in- 
finity to the singularity; such slices lead to nontrivial results for the volume of the black 
hole. For the LMP and GH families, both of which include PG coordinates as a limiting 
case, the black hole volume is shown to have a straightforward relation to the PG vol- 
ume: VoIlmp/gh = a/pVoIpg- Additionally, the cancellation of the time dependence in the 
Lemaitre volume computation shows satisfying consistency with earlier results. In the pro- 
cess of examining the Schwarzschild volume from a variety of viewpoints, coordinates such 
as J lmp and Jqh were introduced, which to our knowledge have not appeared elsewhere. 
Thus, these examinations have shed light on already-known coordinate systems and led to 
new ones. 
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Appendix A: Kruskal-Szekeres Coordinates 

The plots included in this work are displayed in terms of the Kruskal-Szekeres coordinates 
(T, X) with X on the horizontal axis and T on the vertical axis. Quadrants I and II 
correspond to the r > 2m and r < 2m portions, respectively, of the region for which 
T > —X] Quadrants III and IV correspond to the r > 2m and r < 2m portions, respectively, 
of the region for which T < —X. With these definitions, the Kruskal-Szekeres coordinates 
are given in terms of the static coordinates (t s ,r) by [llj: 

X = (r/2m- l) 1/2 e r/4M cosh[t s /4m], (A.l) 
T = (r/2m- l) 1/2 e r/4M sinh[t s /4m] (Quadrant I), (A.2) 
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X 
T 



1 - r/2m) 1/2 e r/4M sinh[t s /4m] 
1 - r/2m) 1/2 e r/4M cosh [t s /4m] 



(Quadrant II), 



(A.3) 
(A.4) 



X = -(r/2m-l) 1/2 e r / 4M cosh[t s /4m]. 
T = -(r/2m-l) 1/2 e r/4M sinh[t s /4m] 



(Quadrant III), 



and 



X = -(1 -r/2m) 1/2 e r/4M sinh[t s /4m], 
T = -(1 -r/2m) 1/2 e r/4M cosh[t s /4m] 

Regarding the inverse transformations, r is given implicitly by 

l)e r/2m = X 2 - T 2 , 



(Quadrant IV). 



and t s is given by 









v 2m 


t s ' 


T 


4m 




ts ' 


X 


4m 


- y ' 



(Quadrants I & III), 
(Quadrants II & IV). 



(A.5) 
(A.6) 



(A.7) 
(A.8) 



(A.9) 



(A.10) 
(AH) 



tanh 
tanh 

Appendix B: Four- velocity as a gradient 

Let u a represent the four-velocity of an observer falling inward on a radial geodesic in 
static coordinates, 

u a _ ( dt ' ^_ d £\ /g 

Reference [7] emphasized that such an observer with E = 1/y/p, where p < 1, satisfies 

1 



it. 



1 1 y/1 -p(l - 2m/r) 
y/p' ^ 1 — 2m/r 



,0,0 



LMP 



(B.2) 



allowing us to relate u a to the gradient of a time function, in this case tiMP- Using (3.19) 
we arrive at 



u a — —d a tLMP — _ 9 a T. 

VP 



(B.3) 
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Furthermore, if one considers instead an observer with p > 1, in which case E = 1/y/p 



y/l — 2m /Ri , the following relation emerges: 

1 



u, 



d n t = —d n t 



GH 



(B.4) 



Comparison of (B.3) with (B.4) provides a pleasantly simple demonstration that t is the 
p > 1 analog of tiMP, and tcH is the p > 1 analog of T. In conclusion, we note that for an 
E = 1 observer, the corresponding property is 



u, 



1 — 2m/ V 



-d a tpc , 



(B.5) 



consistent with the relations above. 
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